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Abstract Periodical forcing is used to control the spiral wave and turbulence in the modified
Fithzhugh-Nagumo equation (MFHNe) when excitability is changed. The decisive parame-
ter ε of (MFHNe), which describes the ratio of time scales of the fast activator u and the
slow inhibitor variable v, is supposed to increase linearly to simulate the excitability mod-
ulation in the media. In the numerical simulation, a local periodical stimulus is imposed on
the left border of the media and the periods of external forcing are adjusted according to
the approximate formula ω ∝ 1/ε1/3 so that using the most appropriate frequency for the
external forcing can approach a shorter transient period. It is found that the spiral wave and
turbulence can be removed successfully by using an appropriate periodical forcing on the
left border of the media. The mean activator and distribution of frequency of all the sites are
also used to analyze the transition of spiral wave.
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1 Introduction

Spiral wave patterns are often observed in the excitable media [1, 2], and the spiral wave
can step into turbulence resulting from the Eckhaus instability, Doppler instability or me-
andering instability [3–7]. In the last decades, most studies focused on the spiral wave in
the chemical and biological system. For example, many fundamental investigations of the
spiral wave have been carried out extensively with the Belousov-Zhabotinsky (BZ) reaction
[8–11] and the cardiac tissue [12–17]. The periodical forcing [18–23], feedback [24–27]
and excitability modulation [28, 29] schemes are proposed to prevent the appearance and
instability of the spiral wave. It is argued that the external currents forcing on the cardiac
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tissue causes a parametric resonant drift [17] and thus the excitability is changed, the action
of the external current on cardiac tissue can be described with the parameter shift action. In
real surface reaction, the controllable physical parameter set (PCO,PO2 , T are pressures of
CO and oxygen and the crystal temperature) is mapped into the model parameter (a, b, ε)

[30]. The characteristic parameter in excitable media is parameter ε which describes the
ratio of time scales of the fast activator u and the slow inhibitor variable v. Heat produc-
tion is an important problem when higher periodical electric current and/or illumination are
used to suppress the useless spiral wave and spiral turbulence in the excitable media. The
excitability is changed when the heat production begins to accumulate greatly. Therefore, it
is reasonable to simulate the heat production effect on excitability as parameter is shifted. It
is found that heat production can enhance the excitability in the media though it is not clear
to illustrate the deterministic relation between the parameter shift and the heat production
accumulation. In this paper, we introduce the shift of parameter ε to simulate the excitabil-
ity modulation and external periodical forcing with appropriate period is imposed on the left
border of the media according to the approximate formula [32] for calculating the rotating
frequency of the spiral wave. Our aim is to remove the spiral wave and spiral turbulence
with external periodical forcing in the MFHNe when the parameter shift is in consideration.

2 Parameter Shift in the Reaction-Diffusion System

The modified Fithzhugh-Nagumo equation [31] with two-variables is described as

⎧
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(1)

where u and v describe the activator and inhibitor variables respectively, D is the diffu-
sion coefficient, and the nonlinear function f (u) satisfies f (u) = 0 at u < 1/3, f (u) =
1 − 6.75u(u − 1)2 at 1/3 ≤ u ≤ 1 and f (u) = 1 at u > 1. The decisive parameters are b

(positive for the excitable medium) and ε (the ratio of time scales of the fast activator u and
the slow inhibitor variable v). The system owns one stable point (u = 0, v = 0) and two ad-
ditional unstable points. Suitable initial conditions and parameters are chosen to generate a
stable rotating spiral wave with a = 0.84, b = 0.07, ε = 0.004 and D = 1. In our numerical
simulation tests, the distance between the adjacent sites �x = �y = 100/256 and the time
step h = 0.02. The Euler forward difference algorithm has been applied for the simulation
with the non-flux boundary conditions being used.

The controlled MFHNe with parameter shift is described by
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(2)

where I is the intensity of the external forcing, ω is the angle frequency, α,β, i and j are
integers, δαi = 1 at α = i; δαi = 0 at α �= i; δβj = 1 at β = j ; δβj = 0 at β �= j . Clearly, the
external forcing is added to the right side of the first formula in (1), it can be regarded as
a pure forcing on a square area in the media. For example, the perturbation k cos(ωt)δαiδβj
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is understood as the external electric current. In the case of BZ reaction, k cos(ωt)δαiδβj is
regarded as the external illumination.

In the following, the ratio parameter ε is supposed to be changed due to some uncertain
perturbation and it may be reasonable to describe the excitability change with the shift on
ration parameter ε

ε(t) =
⎧
⎨

⎩

ε0, t ≤ t0

ε0 + k(t − t0), t0 ≤ t ≤ t0 + �t = t01

ε0 + k(t01 − t0) = ε01, t ≥ t0 + �t

(3)

ε0 is the ratio parameter without external forcing, the parameter ratio is supposed to increase
linearly after a appropriate transient period. Heat production can be accumulated resulting
from some external stimulus. It requires a short transient period to diffuse the heat produc-
tion induced by the external forcing (illumination or electric shock), then the excitability be-
gins to decrease slowly, and it reaches a threshold because the excitability cannot be changed
infinitely.

3 Numerical Simulation and Discussions

In the numerical simulation, ε0 = 0.04, t0 = 100 time units, �ε = 0.024 and 0.032 are used
according to the intensity of external forcing. In this section, the external periodical forcing
is imposed on a local square area with the size about 5 × 5 sites, and then the periodical
forcing is introduced into a longer but narrower area in the left border in the media. We will
check this scheme and observe the competition between the new target wave and the spiral
wave and spiral turbulence.

According to the numerical results from Fig. 1, the snapshots of the activator confirmed
that the spiral wave is removed by the new target wave as the local periodical forcing begins
to work on the left border of the media. The curve for the evolution of the mean activator

Fig. 1 Evolution of the spiral wave, �t = 400, �ε = 0.024, ε(t) = 0.04 + 0.6 × 10−4(t − 100) at
100 ≤ t ≤ 500, intensity of periodical forcing I = 5, ω = 1.6, for t = 100 (a), 400 (b), 600 (c), 800 (d),
time units, the control area for α = 1,2,3,4,5 and β = 126,127,128,129,130, the snapshots are shown in
gray. The distribution of frequency of all the sites and the evolution of mean activator vs. time are shown
in (e)
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of all the sites shows that the mean activator begin to vary regularly as a stable target wave
overcomes the stable rotating spiral wave. The two peaks in the curve of the distribution of
frequency for the mean activator of all sites confirms that clear changes are induced as the
periodical forcing and parameter shift is introduced into the whole media. Furthermore, it is
found that it takes about 600 time units to remove the spiral wave by using the new target
wave for ω = 1.7 at I = 5, while it takes about 1800 time units for ω = 1.5 and 2400 time
units for ω = 1.4 at I = 5. To our surprise, the new target wave tried to travel toward the
right side in order to drive the tip of the spiral wave out the media, but the new target wave
was inundated by the spiral turbulence resulting from the instability of the spiral wave in
the right side for ω = 1.8,1.9 etc. Extensive numerical simulation results show that smaller
angle frequency for ω < 1.4 can not induce a new target wave at all. Clearly, the effective
angle frequency should be about 1.4 ≤ ω ≤ 1.7, and the most appropriate angle frequency
for the external periodical forcing is ω = 1.7. In this case, �ε = 0.024, the ratio parameter
ε can vary from ε = 0.04 to ε = 0.064 so that the parameter requirement can be satisfied for
stable rotating spiral wave and meandering spiral wave. In our numerical simulation results,
it is observed that the spiral wave can be suppressed successfully as the local periodical
forcing begins to work on the left border of the media by using appropriate angle frequency.

Now we investigate the problem when the ratio parameter ε changes from ε = 0.04 to ε =
0.072 for �ε = 0.032, and the competition between the target wave and spiral turbulence is
investigated.

The snapshots of Fig. 2 confirm that local periodical forcing-induced target wave can still
remove the spiral turbulence and the target will occupy the whole media finally. The curve
for the evolution of mean activator of all the sites shows that the mean activator begins to
change regularly, corresponding to a stable target wave, as the periodical forcing with ap-
propriate intensity and frequency is introduced into the whole media. The two peaks of the
curve for the distribution of frequency of mean activator of all sites indicate the transition of
frequency as the local periodical forcing and parameter shift are considered. Furthermore,
it takes longer transient period to suppress the spiral wave and turbulence when smaller fre-
quency ω is used with I = 6, the numerical results confirm that it will take about 1600 time

Fig. 2 Evolution of the spiral wave, �t = 400, �ε = 0.032, ε(t) = 0.04 + 0.8 × 10−4(t − 100) at
100 ≤ t ≤ 500, intensity of periodical forcing I = 6, ω = 1.5, for t = 100 (a), 600 (b), 800 (c), 1000 (d),
time units, the control area for α = 1,2,3,4,5 and β = 126,127,128,129,130, the snapshots are shown in
gray. The distribution of frequency of all the sites and the evolution of mean activator vs. time are shown
in (e)
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Fig. 3 Evolution of the spiral wave, �t = 400, �ε = 0.024, ε(t) = 0.04 + 0.6 × 10−4(t − 100) at
100 ≤ t ≤ 500, intensity of periodical forcing I = 5, ω = 1.6, for t = 100 (a), 400 (b), 600 (c), 800 (d)
time units, the control area for α = 1,2,3 and β = 0, the snapshots are shown in gray. The distribution of
frequency of all the sites and the evolution of mean activator vs. time are shown in (e)

units for ω = 1.45 and about 1800 time units for ω = 1.4. Then extensive numerical studies
are given to investigate the cases for ω = 1.6,1.7,1.8 and 1.2, it is found that no evident
appearance of target wave and the whole media is occupied with the spiral turbulence. Ex-
tensive numerical studies show that appropriate angle frequency ω equals 1.3–1.5. No target
wave can be generated if the angle frequency ω > 1.5 or ω < 1.3 into this case.

Above all, the local periodical forcing-induced target wave is used to remove the spiral
wave and spiral turbulence and the parameter shift is in consideration. In the case of a stable
rotating single-arm spiral wave, the tip of the spiral wave often lies in the center of the
media, clearly, it is more effective to impose the periodical forcing on the tip directly, and a
shorter transient period will cost to remove the useless spiral wave and/or spiral turbulence
in the media. It is also interesting to investigate the effect when the periodical forcing is
imposed on a long and narrow area in the left border of the media instead of a local square
in the media.

The snapshots in Fig. 3 show that the stable spiral wave can be eliminated by the new
traveling wave. The curve for mean activator of all sites illustrates that the mean activator
begins to change regularly as the new developed traveling wave occupies the whole media
and the two peaks in the curve for distribution of indicates the transition of frequency and
competition of the stable spiral wave and traveling wave.

The snapshots in Fig. 4 find that the spiral turbulence is induced with increasing ratio
parameter ε and the spiral turbulence is removed by the new generated traveling wave as
the periodical forcing is imposed on the left border of the media. It is also found in the
curve of mean activator of all sites that the mean activator begins to change regularly as the
new traveling wave occupies the whole media. Furthermore, the two peaks in the curve of
distribution of frequency indicate the change and transition of frequency as the periodical
forcing and the parameter shift are considered altogether.

We have investigated the suppression of spiral wave and turbulence in the excitable and
the excitability shift is also considered. It is important to discuss principle of excitability
shift, which is described with the ratio parameter shift. It seems unimaginable to suppose
the parameter shift described with (3). Up to our knowledge, any external forcing or stimulus
can induce fluctuation for the activator and inhibitor in the excitable media, thus the ratio
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Fig. 4 Evolution of the spiral wave, �t = 400, �ε = 0.032, ε(t) = 0.04 + 0.8 × 10−4(t − 100) at
100 ≤ t ≤ 500, intensity of periodical forcing I = 6, ω = 1.5, for t = 100 (a), 500 (b), 1000 (c), 1800 (d)
time units, the control area for α = 1,2,3 and β = 0, the snapshots are shown in gray. The distribution of
frequency of all the sites and the evolution of mean activator vs. time are shown in (e)

of the activator and the inhibitor is changed. In fact, the rotating period and frequency of
the spiral wave is changed as long as any external forcing is imposed on the media. As we
know, the rotating frequency of the spiral wave is determined by the external controllable
parameter in the media or physical parameter in the model. As result, parameter shift is
inevitable as the external forcing begins to work on the media. But the most important thing
is what the crucial parameter is? What is the most sensitive parameter in the excitable media?
In the case of the MFHNe, the ratio parameter ε can be the most sensitive parameter in the
excitable media because any external can change the activator and the inhibitor directly, thus
the excitability is changed greatly. D. Barkley et al. suggested that an approximate formula
[32] can be used to estimate the rotating frequency of the spiral wave in the Barkley and
FHN model, the approximate formula requires ω ∝ 1/ε1/3, it is found that any shift for
the parameter ε will induce sharp change for the rotating frequency of the spiral wave. As
we known, the effective and powerful frequency of the external periodical forcing is the
frequency that equals to the intrinsic frequency of the spiral wave. Therefore, any external
forcing on the media will induce the frequency shift of the rotating spiral wave. We have
not ascertained how the excitability is changed by the heat production accumulation, but it
may be reasonable to suppose that it costs a transient period to change the excitability of the
media and the excitability will be enhanced linearly and slowly vs time and finally reach a
stable state.

4 Conclusions

In this paper, the external periodical forcing is proposed to eliminate the useless spiral wave
and spiral turbulence in the excitable media when the parameter shift is varied linearly. Com-
pared to the previous works about periodical forcing in the excitable media, it shows some
difference and advantages. The main results can be listed as the following. (I) The excitabil-
ity change is considered when the external periodical forcing is used to remove the useless
spiral wave and spiral turbulence in the excitable media. (II) It supposes that the excitability
of the media is changed linearly and slowly after an appropriate transient period to diffuse
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the accumulative heat production in the media before it reaches a stable state. (III) The most
powerful and effective frequency of the external periodical forcing should be adjusted as the
excitability is changed synchronically. (IV) It still confirms that the local periodical forc-
ing is useful and powerful to remove the useless spiral wave and spiral turbulence in the
excitable media even if the parameter shift (which caused by the heat production or other
uncertain factors) is in consideration. It also implies that the frequency of the external pe-
riodical forcing should be adjusted synchronously according to the approximate formula
ω ∝ 1/ε1/3. It is more interesting to investigate the practical problem in experiments. For
example, how long does it take to response to the so-called heat production effect on ex-
citability? What is the critical intensity and duration of the external periodical forcing to
induce visible shift for excitability? We hope that these interesting questions can be further
discussed and investigated in the future works.
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